Electrostatic instabilities in electron plasmas have been studied by analyzing initial value problems. The self-electric field of a non-neutral plasma produces a flow that brings about non-Hermitian property into the generating operator. Because of the nonorthogonality of eigenmodes, the evolution of the system is rather complex. Secular behavior is a typical appearance of unresolvable mode couplings that may be cast in a representation of Jordan block. The coupling of the perpendicular ͑with respect to the magnetic field͒ electrostatic modes ͑Kelvin-Helmholtz or diocotron modes͒ and parallel plasma oscillations causes a more complex phenomena.
I. INTRODUCTION
Because of the increasing interest in many effects of sheared plasma flows, the Kelvin-Helmholtz instabilities and related phenomena are receiving careful reconsideration. A non-neutral plasma, supporting an unbalanced internal electric field, self-generates an intense flow that may have strong shear. [1] [2] [3] It provides paradigms of general vortical dynamics, which encompass various plasma phenomena, galactic dynamics, atmospheric fluid mechanics, and so on.
References 4 and 5 have considered the most general relativistic electromagnetic perturbations propagating perpendicular to the magnetic field, including both the polarization drift (ϰ‫ץ‬E/‫ץ‬t) and the EϫB drift in the dielectric response function. The polarization susceptibility, which is proportional to p 2 / c 2 ͑with p ϭplasma frequency and c ϭcyclotron frequency͒ leads to an essential singularity in the eigenmode equation, causing the existence of a continuous spectrum. Another mode continuum, which however was neglected in Refs. 4 and 5, is now introduced in the present work. This continuum, originating from the flow shear, persists in the low space charge limit p 2 / c 2 →0 ͑i.e., neglecting the polarization drift͒, and plays an important role in producing non-Hermiticity. The present work considers oblique propagation, coupling the transverse mode with electrostatic modes parallel to the magnetic field. The presence of the continuum significantly changes the time evolution of the diocotron modes.
In the low density limit ( p / c Ӷ1), the flow in a nonneutral plasma equilibrium is approximated by the EϫB drift velocity. When B is homogeneous, the electrostatic potential obeys the standard vortex equation in the plane perpendicular with respect to B. Comparing with the stream function of a two-dimensional incompressible flow, the electrostatic modes ͑so-called diocotron modes͒ parallels the Kelvin-Helmholtz modes in a shear flow. [6] [7] [8] [9] The aim of this paper is to analyze rather complex phenomena induced by a coupling of the Kelvin-Helmholtz modes with parallel ͑with respect to B) plasma oscillations, which becomes important when we consider a sheared magnetic field. 10 This complexity is primarily due to the nonHermitian property of the Kelvin-Helmholtz modes. The interaction of fluctuations and the ambient shear flow cannot be cast in a Hamiltonian form, and hence, the generator of the dynamics must be a non-Hermitian operator. [11] [12] [13] A general non-Hermitian operator does not have a complete set of orthogonal eigenfunctions. When eigenfunctions are not complete to span the whole function space, one has to consider the nilpotent which brings about secular behavior of type t n e it . The amplitude of perturbation can increase algebraically even if every eigenvalue is real. In a finite dimensional linear space, a non-Hermitian map can be written as a Jordan matrix. However, we do not have a spectral representation theory for a general non-Hermitian operator in an infinite dimensional Hilbert space.
In this paper, we demonstrate secular behavior of Kelvin-Helmholtz modes by solving initial value problems numerically. We formulate a one dimensional model in an integral equation form, and use the trapezoidal rule for numerical integration. Analyzing the structure of the generator, we show that the secular behavior is caused by internal resonances of the perpendicular ͑with respect to the magnetic field͒ electrostatic modes and parallel plasma oscillations.
II. FORMULATION
We consider an electron plasma in a slab geometry of finite thickness. An external magnetic field (B) is applied to confine the plasma. The EϫB drift is induced by the selfelectric field (E), which may create a flow shear. When the electron density is sufficiently small, we may ignore the magnetic perturbations induced by the internal current.
The system is governed by
where n is the electron number density, v is the plasma velocity, e is the elementary charge, m is the electron mass, and is the electrostatic potential (EϭϪ"). We have neglected the thermal pressure of electrons. The ambient magnetic field is, in Cartesian coordinates,
where B z is a constant ͑this B is not curl-free, but it does not cause essential difficulty in the present theory͒. We consider a simple equilibrium with a flat top density,
where 2L corresponds to the thickness of slab plasma. The equilibrium flow velocity is given by ͑2͒;
where B(x)ϭͱB y 2 (x)ϩB z 2 , and "⌽(x)ϭ(eN x/⑀ 0 ,0,0) for ͉x͉рL.
We normalize the variables as
In what follows, we omit theˆto simplify notation.
We decompose unknown variables (n,,v) into equilibrium quantities ͑capital letters͒ and perturbations ͑tildes͒. Linearizing ͑1͒-͑3͒ for perturbations, we obtain
where sϵ p / c is a dimensionless scaling parameter. Here we assume sӶ1 ͑low density͒. In the above equations, ṽ ʈ and ṽ Ќ , respectively, denote the parallel and perpendicular components of ṽ with respect to the ambient magnetic field. Assuming low density, we may appeal to the guiding-center approximation
.
͑14͒
We Fourier transform the perturbations with respect to y and z, and denote the corresponding wave numbers by k y and k z . We introduce sheared coordinates defined by
The corresponding wave numbers are given by
If there is no magnetic shear ͓B y (x)ϭ0͔, we may take
The governing equations now read as
where Ј denotes the derivative with respect to x and k ϭͱk y 2 ϩk z 2 . The ambient shear flow is
Because the derivative of N(x) yields delta functions, the perturbed density ñ must include delta functions, representing the surface wave perturbations; we write
where a(t) and b(t) represent the amplitudes of the surface waves and f (x,t) is the continuous part of the density fluctuation. We substitute ͑21͒ into ͑19͒ to eliminate ñ and obtain
The assumption ͑23͒ implies the continuity of at xϭϮ1. Integrating ͑24͒ in infinitesimal neighborhoods of xϭϮ1 yields
where the square brackets denote the jump across xϭϮ1. Using ͑21͒ and ͑23͒, we obtain
which correspond to the surface charges. The same relations have been derived in previous publications, 6, 8 where the dispersion relation of the surface waves ͑diocotron modes͒ has been analyzed with Fourier transforming i‫ץ‬ t to Ϫ. This treatment, however, fails to capture nonexponential ͑alge-braic͒ behavior of the system that stems from the nonHermitian property of the problem. In this paper, we solve the initial value problem directly.
Finally, we obtain from ͑19͒-͑21͒,
͑31͒

III. KELVIN-HELMHOLTZ "DIOCOTRON… MODE AND PLASMA OSCILLATION
A. Perpendicular modes
In this section, we consider a constant magnetic field and perpendicular modes with assuming
In this case, ͑19͒ and ͑20͒ are decoupled, and ͑19͒ reduces into a simple Rayleigh equation. 9 Also, in ͑27͒-͑31͒, we can decouple the parallel motion of electrons represented by ͑30͒. Density evolution equations are cast in the matrix form
where
When we take f (x)ϭ0, the coupling of two surface waves a(t) and b(t) determines the eigenvalue
These frequencies Ϯ are consistent to the well-known diocotron mode dispersion relation in the surface wave model. 8 The surface waves produce perturbed electrostatic potential through which both waves interact. The dispersion relation is determined by connecting at xϭϮ1 ͓see ͑28͒ and ͑29͔͒, which is expressed by the lower two components of the matrix equation ͑33͒. For k y Ͻk c Ӎ0.639, the frequency Ϯ are pure imaginary numbers representing the diocotron instability. The physical mechanism of the diocotron instability is illustrated in Fig. 1 . Perturbations on the two surfaces of the plasma, where the density has jumps, couple with each other through the induced electric field Ẽ . 14 The coefficient k y x/B in the matrix operator of ͑33͒ yields an essential singularity resulting in a continuous spectrum. This spectrum represents the mixing effect of the flow shear ͑see Fig. 2͒ . To see the mathematical structure, let us simplify the equation with taking aϭbϭ0 and f (Ϯ1,t)ϭ0 to obtain Because of the non-Hermitian property of the Rayleigh equation, the frequency spectrum does not simply predict the temporal evolution of the system. For the stable case (k y Ͼk c ), we find that the frequencies of the coupled surface waves lie in the range of the continuous spectrum. It is remarkable that resonance ͑frequency overlapping͒ of the surface-wave spectrum and the continuous spectrum results in degenerate eigenvalue ͑nilpotent͒ reflecting the nonHermitian property of the system. A delta function placed at the ''resonant surface''
is included in the singular eigenfunction belonging to the continuous spectrum, which has the same frequency with one of the surface waves. When two regular modes satisfy the resonance condition, the degeneracy of the eigenfunction brings about a new mode ͑generalized eigenfunction͒ that grows in proportion to t. However, singular eigenfunctions belonging to the continuous spectrum receive the mixing effect, resulting in saturation of the algebraic growth. Figure 3 demonstrates the transient algebraic growth followed by saturation, which is caused by the presence of off-diagonal terms including G; the integral operator G brings about the phase-mixing damping. Here, we have assumed an initial condition
͑38͒
and k y ϭ1.0, a(0)ϭb(0)ϭ0.0.
B. Oblique modes "diocotron-plasma oscillation coupling…
Before considering a sheared magnetic field configuration, we study the coupling of the perpendicular and parallel motions in a homogeneous magnetic field with assuming an oblique wave vector kϭ(k y ,k z ). In order to incorporate the parallel motion, we set
The parallel wave number k z yields coupling between ͑27͒ and ͑30͒, and hence, we must solve the whole set of ͑27͒-͑31͒ simultaneously. Spectral analysis 10 show that exponential instabilities ( with an imaginary part͒ are removed for small s 2 . This stabilizing effect is explained by the short circuit of the perturbation charges through the parallel motion of electrons. The electron motion in the direction parallel to the magnetic field is much faster than the diocotron oscillation, if s 2 Ӷ1. A finite k z couples the fast electron motion and diocotron oscillation. In addition to the modification of the diocotron and continuous spectra, a new set of discrete spectra appears. They are always discrete real eigenvalues ranged outside of the continuous spectrum. 10 We also observe complex ͑nonexponential͒ phenomena reflecting the non-Hermitian property of the system. Interesting secular behavior is well visible in the range of k y ӷk z ϳO(s). For an arbitrary initial condition, the local oscillation amplitude increase remarkably near the ''resonant surfaces.'' Figure 4 shows the result of simulation with s ϭ10 Ϫ2 , k y ϭ1.0, and k z ϭ10 Ϫ3 ͑the arrows indicate the reso- nant surfaces and the dashed line shows the initial condition͒. The divergence of the resonant-oscillation amplitude is proportional to t. The mathematical structure of this secular behavior is illustrated as follows. We rewrite ͑27͒-͑31͒ in a matrix form
where the operator G x is defined by ͑34͒. If k z is small, the mixing effect is dominant and f (x,t) becomes highly oscillatory with respect to x for large t ͑see Fig. 2͒ . Then, the integral of ͑34͒ becomes small ͑the phase mixing damping͒. Neglecting the integral term (G) in ͑40͒, we obtain ''local'' oscillation equations. ͑In a more exact analysis with retaining the integral term, spatial correlations remain, however, we will leave this problem for future studies.͒ We rewrite Ϯ , Ϯ more generally as
The generator of ͑43͒ can be written in a Jordan canonical form
and a nonorthogonal transform
where where C i (iϭ1, . . . ,4) are constants to be determined by the initial condition. For example, if we take
the surface waves of a and b show harmonic oscillations with frequency ϩ , which generate the oscillation of electrostatic potential . This resonates with the parallel electron motion at xϭ ϩ , and the amplitude of ṽ ʈ ( ϩ ) increases in proportion to t. The ṽ ʈ ( ϩ ) also resonates with f ( ϩ ), resulting in amplification of f ( ϩ ) in proportion to t 2 . Indeed, in ͑27͒-͑31͒, and ṽ ʈ act as forcing terms for each oscillation. Formally, the solution is written as
In the above discussion, we have assumed a much simplified model where the system is represented by a localized system of four dimensional coupled oscillators. In careful comparison of this estimate with numerical results, however, we find a significant difference at large t. Figures 5-9 show the result of simulation with sϭ10 Ϫ2 , k y ϭ1.0, and k z ϭ10
Ϫ3 . This discrepancy is caused by the integral operators G in ͑40͒, which yield the continuum damping of the surface wave oscillations a and b. The damping due to the operators G Ϯ1 is seen to be exponential in time by the numerical simulation ͑with damping rate ϭ0.005 65; see Fig. 7͒ . If we include the damping of the surface waves in the expression
then ṽ ʈ and f are evaluated as
In Figs. 8 and 9 , we compare these solutions with the simulation. the damping of a, is still insufficient, because we have another integral operator, G x , in ͑40͒. We observe that ϭ0.006 40 fits the simulation result. In summary, the density fluctuation starts to grow at the resonant surface in proportion to t 2 ͑mode interaction due to non-Hermitian property͒, while the mixing effect decelerates the growth down to t.
IV. EFFECT OF MAGNETIC SHEAR
In this section, we consider a sheared magnetic field assuming
where ␣ is a given constant representing the strength of magnetic shear. First, we solve the eigenvalue problem numerically. In Fig. 10 , we show the stable ͑real ) and unstable region in the k y -␣ space. In the unstable region ͑gray͒, is a pure imaginary number and the growth rate is a strong function of the magnetic shear parameter ␣ ͑Fig. 11͒. The instability is related to a ''rational surface'' where k is perpendicular to the ambient magnetic field. Electric charges at the rational surface (k ʈ ϭ0) are not short-circuited, and produce unstable modes ͑Fig. 12͒.
In order to explain band structure of unstable modes, we replace Ϫi‫ץ/ץ‬t by in ͑27͒-͑31͒, and eliminate a,b, f , and ṽ ʈ to obtain Љ͑x͒ϩ ͭ Ϫk
The boundary conditions are
͑60͒
The marginal stability is found by setting ϭ0. For B z ϭ1, B y (x)ϭ␣x, k z ϭ0, and ϭ0, ͑58͒-͑60͒ reduce into Ј͑Ϫ1͒ϩ͑1Ϫk͒ ͑ Ϫ1 ͒ϭ0,
͑62͒
Ј͑1͒Ϫ͑1Ϫk͒ ͑ 1 ͒ϭ0.
͑63͒
We solve these equations as an eigenvalue problem with respect to ␣, and obtain discrete eigenvalues ͕␣ i ͖. 
